THE SUM OF A FINITE GROUP OF WEIGHTS OF A 

HOPF ALGEBRA 



APOORVA KHARE 

Abstract. We evaluate the sum of a finite group of linear characters of 
a Hopf algebra, at all grouplike and skew-primitive elements, and men- 
tion results for products of skew-primitive elements. Examples include 
quantum groups associated to semisimple and abelian Lie algebras, and 
degenerate affine Hecke algebras of reductive type with trivial parame- 
ter. 



1. Introduction 

1.1. Motivation. Suppose G is a finite group, and we consider the irre- 
ducible characters G = {x '■ CG — * C}, over C. Then we have the or- 
thogonality relations for characters. This implies the following: if we define 
h ■= pf E g eG X{g- X )9 £H = CG, then v{9 x ) = for X + v e G. 

Similarly, the other orthogonality relation (for columns) implies, among 
other things, that g(dim p x )x(g) is either zero or a factor of \G\, de- 
pending on whether or not 3 = 1. (Here, p x is the irreducible representation 
with character X -) 

In what follows, we will work over a commutative integral domain R. Note 
that there is an analogue of the first equation above for any i?-algebra H 
that is a free -R-module - for linear characters, or weights: given an algebra 
map A : H — > R, we define a left X-integral of H to be any (nonzero) A^ G H 
so that h ■ A^ = A(/i)A^ for all h G H. One can similarly define right and 
two-sided A-integrals in H. (For instance, the 9 x s above, are two-sided x~ 
integrals for any weight X-) Then we have the following result (and similar 
results hold for right A-integrals too): 

Lemma 1.1. If A ^ v are weights of H with corresponding nonzero left 
integrals A£, A v l respectively, then f(A£) = = A^A£. 

Proof. Choose h so that X(h) ^ v(h). Then 

u{h)v{Kl)Kl = hk\ ■ A U L = (h- A£) • Al = X(h)Al ■ A£ 

whence v{A x L ) ■ (X(h) - v{h))A v L = 0. Since we are working over an inte- 
gral domain and within a free module, hence this implies that f(A£) = 0. 
Moreover, A\A V L = v{A\)A v L = 0. □ 
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Thus, we now seek a "Hopf-theoretic" analogue for the second orthog- 
onality relation (which might involve only weights, and not all irreducible 
characters) . Note that in general, a Hopf algebra might not have a nontrivial 
(sub)group of linear characters that is finite (for instance, ilg for a complex 
nonabelian Lie algebra g). However, if such subgroups do exist, then we try 
below, to evaluate the sum (i.e. the coefficient of each weight is dim/9 = 1) 
of all the weights in them, at various elements of H. For example, one may 
ask: does this sum always vanish at a nontrivial grouplike g £ HI 

1.2. One of the setups, and some references. Instead of attempting 
a summary of the results, which are several and computational, we make 
some remarks. Let II be a finite group of weights of a Hopf algebra H over 
a commutative unital integral domain R. One has the notion of grouplike 
elements (i.e. A(g) = g (g> g) and skew-primitive elements in H. 

We define En := X^gn 1 '■ H —* R, and compute En at all grouplike 
and skew-primitive elements in H. In a wide variety of examples - including 
that in |AS] - the computations reduce to grouplike elements. In other 
words, there are several families of algebras, where knowing En at grouplike 
elements effectively tells us En at all elements. 

We then attempt to evaluate En at products of skew-primitive elements. 
Once again, in the spirit of the previous paragraph, there are numerous 
examples of Hopf algebras generated by grouplike and skew-primitive ele- 
ments in the literature. The first two examples below are from folklore, and 
references can be found in [Mon]. 

(1) By the Cartier-Kostant-Milnor-Moore Theorem (e.g. cf. [Mont The- 
orem 5.6.5]), every cocommutative connected Hopf algebra H over 
a field of characteristic zero, is of the form ilg, where g is the set of 
primitive elements in H. Similarly, every complex cocommutative 
Hopf algebra is generated by primitive and grouplike elements. 

(2) If our Hopf algebra is pointed (and over a field), then by the Taft- 
Wilson Theorem [Moiu Theorem 5.4.1.1], we have evaluated En on 
any element of C\, the first term in the coradical filtration (which is 
spanned by grouplike and skew-primitive elements). 

(3) The final example is from a recent paper [AS| . The Classification 
Theorem 0.1 says, in particular, that if if is a finite-dimensional 
pointed Hopf algebra over an algebraically closed field of character- 
istic zero, and the grouplike elements form an abelian group of order 
coprime to 210, then H is generated by grouplike and skew-primitive 
elements. 

Let us conclude with one of our results. We say that an element h 6 H 
is pseudo-primitive with respect to n if A(h) = g®h + h®g' for grouplike 
g, g' satisfying 7(g) = 'y(g') for all 7 £ II. (We shall mention the respective 
references in the paper, after stating the results.) 
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Theorem 1.1. Fix n £ N, as well as the R-Hopf algebra H and a finite 
subgroup of weights II of H . Suppose hi, . . . , h n £ H are pseudo-primitive 
with respect to II, and A(/ij) = g$ (g) hi + hi (g) g[ for all i. Define h = \\ i hi, 
and similarly, g, g'. 

(1) J/ char (12) = or char(i?) f |H|, ffcen E n (h) = 0. 

(2) Suppose < p = char(ii) divides \H\, and H p is any p-Sylow sub- 
group. If Hp % (Z/pZ) m for any m > 0, then Sn(h) = 0. 

(3) (p as above.) Define $ := II/[n, II], and by above, suppose $ p = 
(Z/pZ) k is a p-Sylow subgroup of Let $' be any Hall comple- 
ment(ary subgroup); thus |$'| = |$|/|<J? p |. Then 

s n (h) = |[n,n]|-s^(g)-E 0J ,(h) 

(4) IfTl® (h) is nonzero, then (p— l)\n, and < k < n/(p — 1). (More- 
over, examples exist wherein E$ p (h) can tofce any uo/ue r £ i?J 

These results occur below as Proposition 15.41 and Theorems 17.31 17.21 and 
17.41 respectively. 

2. Grouplike elements and quantum groups 
2.1. Preliminaries. We first set some notation, and make some definitions. 
Definition 2.1. Suppose R is a commutative unital integral domain. 

(1) Integers in R are the image of the group homomorphism : TL — > R, 
sending 1 i— > 1. 

(2) A weight of an i?-algebra H is an i?-algebra map : H — > R. Denote 
the set of weights by T (or Th)- Given v S r#, the v-weight space 
of an F-module V is V„ := {v £ V : g(h) = v(h)v VH G H}. 

(3) Given a free i?-module H, define H* to be the set of -R-module maps 
: H ^ R. 

(4) We will denote an i?-Hopf algebra H as an i?-algebra (H, fi = -,rj) 
(where [a, r\ are coalgebra maps) as well as an i?-coalgebra (H, A, e) 
(where A, e are algebra maps), equipped also with an antipode S 
(which is an R-(co) algebra anti-homomorphism) . 

(5) In a Hopf algebra, an element h is grouplike if A(h) = h <8> h, and 
primitive if A(h) = l(g)fo + /i(g)l. Define G{H) (resp. H pr i m ) to be 
the set of grouplike (resp. primitive) elements in a Hopf algebra H. 

For an introduction to Hopf algebras, see |Abe| . In particular, H* is also 
an i?-algebra under convolution A*: given A, v £ H* and h £ H, one defines 

{X*u,h) := (A®i/,A(fc)) 

The set T of weights is now a group under *, with inverse given by 

(\-\h) := (X,S(h)) 

We do not have a comultiplication map on H* in general (that is dual 
to the multiplication in H); however, in case we do, the set T is the group 
G(H*) of grouplike elements in H* . 
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Standing Assumption 2.1. For this article, H is any Hopf algebra over 
a commutative unital integral domain R. Fix a finite subgroup of weights 

ncr=r ff . 

In general, given a finite subgroup II C T for any Hopf algebra H, the 
element £ri := X^en 7 is a functional in H* , and if R (i.e. its quotient field) 
has characteristic zero, then Sn does not kill the scalars r/(R). What, then, 
is its kernel? How about if n is cyclic, or all of T (this, only if H is i?-free, 
and finite-dimensional over the quotient field of R)? 

Lemma 2.1. n C T = Th as above. 

(1) Sn(l) = if and only if char(i?) divides \H\. 

(2) [H,H] C kerS n . 

(3) En(ad h(h')) = e(h)T,ji(h') for all h,h' G H. In particular, if h £ 
kere, then im(ad/i) C kerSn- 

Proof. The first part is easy, and the other two follow because the statements 
hold if we replace £n by any 7 G T (since such 7's are algebra maps). □ 

The goal of this section and the next, is to evaluate Sn at all grouplike 
and skew-primitive elements in H. For these computations, a key fact to 
note is that for all A £ II, we have (in the iZ-algebra H*): 



Remark 2.1. We will occasionally compute Sn at elements of an i?-algebra 
H (that is not a Hopf algebra), where n C Th has a group structure on it. 
As seen in Proposition 12.21 below, there is some underlying Hopf algebra in 
some cases. 

Definition 2.2. Suppose we have a subset G C T, and A £ n. 

(1) For g G G(H), define T g := {7 G F : 7(5) = 1}, and G g := T g n G. 

(2) Define Gq(H) to be the set (actually, normal subgroup) of grouplike 
elements g G G(H) so that 7(5) = 1 for all 7 G Q. 

(3) For finite G, define the functional £0 G H* to be Se := X^eeT- 
We set S := 0. 

(4) n\ := on(A) = |(A)| is defined to be the order of A in n. 

Remark 2.2. 

(1) For instance, G {e} {H) = G(H), and G{H) n [1 + im(id-S 2 )] C 
Gr(H) because (e.g. cf. [Abe] ) every 7 G T equals (7 -1 ) -1 , so 



(2) For any g G G(H) and G C T, we have that Q g = Q if and only if 




(1) 



1(h) = (7 ) (>*) 



7 -!(S(/i)) =1 (s 2 (h)) VheH 



9 G G e {H). 
(3) Q g is a subgroup if G is. 
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2.2. Grouplike elements. We first determine how En acts on grouplike 
elements, and answer the motivating question above, of finding a Hopf- 
theoretic analogue of the second orthogonality relations for group characters. 

Proposition 2.1 ("Orthogonality" at grouplike elements). If g £ G(H) \ 
G U (H), then £ n (s) = 0. If g £ G U (H), then E n (s) = |H|.' 

Proof. If g £ Gn(H), the result is trivial, so now assume that g ^ Gn(H). 
Then there is some weight A that does not send it to 1. By equation (pQ), we 
get that £ n (<?) = (A * E n )(g) = X(g)E u (g). Thus (1 - X(g))E n (g) = 0, and 
we are done since X(g) ^ 1. □ 

Before we look at various examples, we need some notation. 

Definition 2.3. As always, R is a commutative unital integral domain. Let 
I be a nonnegative integer. 

(1) Define \/T (resp. yl) to be the set of (I th ) roots of unity in R. (Thus, 
v / T=i? x , \/T={l}, and v / T = Ui >0 ^T.) 

(2) Given q £ R x , define char (5) to be the smallest positive integer m 
so that q m = 1, and zero if no such m exists. 

(3) The group <5 nt i is the abelian group generated by {Ki : 1 < i < n}, 
with relations KiKj = KjKi, K\ = 1. 

(4) The group <5* n l is defined to be (vTn \/l) n . 

Thus, & ntl is free iff I = 0, 6*^ = (v 7 !)" VZ > 0, and <5* nfi = (Vl) n . 
The first example where we apply the above result, is obviously: 

Example 1 (Group rings). For instance, the above result computes En on 
all of H, if H is a group ring. We present a specific example: G = <5 Ut i 
(defined above), for (a fixed) n £ N and I > 0. Then T = (\/T) n , and any 
finite order element 7 £ T maps each Ki to a root of unity in R. Thus, 

nc (v / Trnr = (5: ii . 

Let us now compute En(sO f° r some 5 = Il^i-^T^' where n{ £ Z V«. 
Note that the set {^{Ki) : 1 < i < n, 7 £ IT} is a finite set of roots of unity; 
hence the subgroup of \/T C i? x that it generates, is cyclic, say (£)• Thus, 
7 (K t ) = C /l(7) for some k:U^Z. 

The above result now says that En (g) = if there exists 7 £ II so that 
I does not divide Y17=l n A(7)> an d | H| otherwise. (Of course, we can 
also apply the above result directly to g = FJ^ K^ 4 .) 

Remark 2.3. From the above proposition, finding out if g £ Gn(H) is an 
important step. However, since (3(g) = 1 V/? £ [II, II], hence it suffices to 
comupte if A(g) = 1, with A's the lifts of a set of generators of the (finite) 
abelian group 11/ [IT, II]. We will see more on this in Section H] below. 
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2.3. Application to quantum groups and related examples. We now 

mention some more examples where the above result applies - Hopf algebras 
that quantize semisimple Lie algebras, their Borel subalgebras, and polyno- 
mial algebras (i.e. coordinate rings of affine spaces/abelian Lie algebras). 

Suppose a group G acts semisimply on a vector space (or in our case, 
a free i?-module) V. Thus, V = ffii/gr G K/, where Tq is the set of weights 
(linear characters) of G (a distinguished element of Tq is e : G — > 1 G R x ). 

All our computations here are a consequence of the following 

Lemma 2.2. Suppose an R-algebra H contains G, V with relations gvg^ 1 = 
g(v) (action as above), and \i 6 T (i.e. \i : H — > R is an R-algebra map). If 
v ^ e in Yq, then fj, = on V v . 

Proof. Given v ^ e, there is some g so that is(g) ^ e(g) = 1, so given any 
nonzero d £ 14, we have 

fi{g)n(v) = n{gv) = n(g(y)g) = n(y(g)vg) = v(jg){i(y)fi(g) 

Thus fj,(v) • fJ-(g)(l — v{g)) = 0, and we are done. □ 

Applying this easily yields the following result, which also holds in a more 
general setting; see Proposition 19.11 below. 

Proposition 2.2. (G,V as above.) Suppose an R-algebra H contains G 
and V , and V = @ v -l £ V u . 

(1) Every (i G T kills HVH. 

(2) If H C RG + HVH, then T C T G . 

(3) Say H C RG + HVH , and IT C T is a finite subgroup of weights of 
G (from above). If h G H satisfies h — ^2 ge c a g9 £ HVH (where 
a g G R Vg), then E n (/i) = |H| T, g eG n (H) a g- 

Thus, if IT C Th is a group (i.e. a subset with a group structure on it), then 
T,yi(HV H) = 0. Hence, computing En at any h G H essentially reduces to 
the grouplike case - and Proposition 12.11 above tells us the answer in this 
case - assuming that the group operation in IT agrees with the one in Tq- 

Moreover, even though H is not a Hopf algebra here, we see that the 
computations come from Hopf algebra calculations (for RG). 

Proof. The first part follows from Lemma 12.21 the third part now follows 
from Proposition 12.11 and Lemma 12.21 and the second part follows by ob- 
serving that fi : H — > R is an algebra map only if /i\q G Tq and fi\y = 0. 
(Additional relations in H may prevent every \i G Tq from being a weight 
in r.) □ 

We now apply the above theory to some examples; note that they are not 
always Hopf algebras. In each case, G is of the form & n i for some n, I. 
We also choose some special element q G R x in each case; I is then some 
multiple of char(g). 
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Example 2 ("Restricted" quantum groups of semisimple Lie algebras). 
For this example, R = k is a field with char k ^ 2, with a special element 
q ^ 0, ±1. Suppose g is a semisimple Lie algebra over k, together with a fixed 
Cartan subalgebra and root space decomposition (e.g. using a Chevalley 
basis, cf. [H] Chapter 7]). 

One then defines the (Hopf) algebra U q (g) as in [Ja, §4.2,4.3]. In particu- 
lar, we only note here that it is generated by {Kj , ej, ft : 1 < j < n} (here, 
n is the rank of g, and we have the simple roots «j), modulo the relations: 

K iej K^ = q^'^ej, KJjKr 1 = q^^ft, ejj - fta = <% ^— ^- 

Qi-Qi 

where qi = q( Qi ' Q >)/ 2 for some bilinear form (•,•) on f)* . We may also need 
that q 4 or q 6 is not 1, and maybe char A; ^ 3. The other relations are 
that KiKj = KjKi, K.f~ x Kf x = 1, and the (two) quantum Serre relations. 
Define V := ®] =1 (kej left). 

We define the "restricted" quantum group now, cf. [Majl Chapter 6]. 
Given some fixed I > so that q l = 1 (whence chax (q)\l), define the as- 
sociative (not necessarily Hopf) algebra u q j(g) to be the quotient of U q (g) 
by the relations (for all j) Kj = 1, and e'- = /j = if I > 0. Note that 
u q,i(B) = U q (g) if I = 0, and u q j(g) is a Hopf algebra if I = or char(g). 
Moreover, Proposition 12.21 allows us to compute Sn for all I. 

For each j, note that ej, fj are weight vectors (with respect to the adjoint 
action of the abelian group G = & n j generated by all K i 1 ) with weights 
q± a i ^ e = g°. Hence Lemma [2.21 implies that /i(e 3 ) = /i(/j) = Vj, /i. 
Moreover, given the PBW property for H = U q (g), we know that H = 
k& n ,l®(V-H + HV+), where V+,V- are the spans of the e/s and ft's 
respectively. Hence fi £ T C Tq by the result above. 

Every /x G Tc is compatible with the commuting of the K^s, the quantum 
Serre relations (since fi\v = 0), and the '7 th power relations". The only 
restriction is the last one left, namely: = //([e^, /j]), which gives us that 
li(Ki) = ^(Kr 1 ) for all %,p. Hence ^{K t ) = ±1, so that V ^ (Z/2Z) n n 
(\/T) n , which is of size 2 n or 1, depending on whether I is even or odd. We 
now compute Sn(/i) using the second part of Proposition [2721 for any h £ H. 

Example 3 (Restricted quantum groups of Borel subalgebras). We consider 
the subalgebra H' = u q< i(b) of H = u q j(g), that is generated by K^ 1 ,^', 
once again, this algebra quantizes the Borel subalgebra b of if I = (and 
is a Hopf algebra if I = or char(g)). Moreover, every /i € Tjji kills each ej 
(where we use V + for V), and we have V C Tq, by Proposition 12.21 above. 
Moreover, all such maps ji G are now admissible (i.e. extend to the 
whole of H'), so r = r G ^ (-i/l) n . 

If we look at a finite subgroup n C T, then as above, we must have 
n C (5* i (note that R = k here), and furthermore, evaluation of En once 
again reduces to the grouplike case. 
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Example 4 (Quantization of affine space). We refer to [Hu2j; once again, 
R is a unital commutative integral domain. The quantum affine space over 
R (with a fixed element q 6 R x ) is the quadratic algebra Tr(V) / '(xjXi — 
qxiXj, i < j), where V := ®iRxi. This does not have a Hopf algebra struc- 
ture; however, Hu does present a quantization of R[x] := Sym R (V) in [Hu2, 
§5] - that is, the quantum group associated to a "finite-dimensional" abelian 
Lie algebra. We consider a more general associative (not necessarily Hopf) 
-R-algebra A q j(n) generated by {K^ l ,Xi : 1 < i < n}, with the relations: 

KiKj = KjKi, K\ = 1, Kf l Kf l = 1, 

K^XjK- — @ijq J X j , X{Xj — OijXjXi 

where char(g)|/, and 0y equals q (respectively 1, </ -1 ) if i > j (respectively 
i = j, i < j). Note that »4g iC har(g) ( n ) = -^g( n )) t ne Hopf algebra introduced 
and studied by Hu, and A q j(n) becomes the Hopf algebra R[x] if q = I = 1. 

We consider the "nontrivial" case q ^ 1 (we will consider the q = 1 case 
later below). Once again, each Xj is a weight vector with respect to the (free 
abelian) group G = nj /, and no xj is in the e- weight space, so every fi £ V 
kills Xj for all j. As in the previous example, T = (^!/l) n , and any finite 
subgroup n must be contained in (5* ; . 

Moreover, evaluation of En once again reduces to the grouplike case. 

Example 5 (Quantization of the Virasoro algebra). For this example, we 
will assume that R is a field, and q £ R x is not a root of unity. We refer 
to [Hull Page 100] for the definitions; the Hopf algebra in question is the 
i?-algebra U q generated by T,T~ 1 ,c,e m (m £ 1) with relations: 

TT- 1 = T~ l T = 1, 
q 2m T m c = cT m , 

T~m _ -2{n+l)m q-m 
Q 6 m C — C6 m 

m - n _ n -m _ T _ 1 j_ X [m - 1] jWj [m + 1] 

[2j[3J(m) 

q m _ g -m 

where [ml := — and (m) := q m + q m for all m G Z. 

q-q 1 

We now compute the group of weights, as well as Sn(/i) for any monomial 
word h in the above alphabet. 

Proposition 2.3. Setup as above. 

(1) The group of weights is T = (R x ,-) (so every finite subgroup H is 
cyclic). A weight r £ R x kills c and all e n , and sends T to r. 

(2) Sn(/i) = if the monomial word h contains c or any e n . Moreover, 
T,Yi(T m ) = unless \T1\ divides m, in which case En('?" m ) = | TT | . 

Proof. 
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(1) Given any weight fi, evaluating on the second relation suggests that 
//(c) = 0. Similarly, from the third relation, we get that n(e n ) = 
if n 7^ —1. Now choose m = l,n = —2, and evaluate [i on the last 
relation. Then we get that — = [3] / u(e_i), so each \x £ T kills 
c, e n for all n. Finally, the first relation says that n(T) £ R x . 

Thus we now define fi r £ T, by sending T to r £ R x and c, e n 
to zero. This is easily seen to be compatible with all the defining 
relations, so the first part is proved. 

(2) The first statement is now clear. Next, if II is not the trivial group, 
then II is nontrivial and cyclic, and T m £ Gn{H) iff any generator 
A of II satisfies: A(T) m = 1. In other words, the order of A (which 
equals |LI|) divides m. Now invoke Proposition 12 . 1 1 to finish the proof. 

□ 

Example 6 (Quantum linear groups). For the definitions, we refer to [HaKrj, 
§2]. The quantum general (resp. special) linear group GL q (n) = R q [GL n ] 
(resp. SL q (n) = R q [SL n }) is the localization of the algebra B (defined 
presently) at the central quantum determinant 

n 

det 9 := Jl^i) 

TT&Sn i=l 

(resp. the quotient of B by the relation det g = 1). Here, the algebra 
B = Rg[Ql(n)] is generated by {uij : 1 < i, j < n}, with relations 

UikUu = qu u u ik , u ik u jk = qu jk u ik 

uuUjk = UjkUu, u ik Uji - ujiUik = (q - q~ )uuUjk 

where q £ R x , and i < j, k < I. 

As above, we work with the "nontrivial" case q ^ ±1. We now compute 
r in both cases. In either case, note that det g ^ 0. Given any permutation 
7r £ S n , suppose we have i < j so that ir(i) > vr(j'). Then for any fj, £ T, 

(q - q~ 1 )K u irti) u jrtj)) = M[ n ;,7r(j),^>(i)D = 

whence n{u ii7 ,(i)Uj^{j)) = 0. 

The only permutations for which this does not happen is {tt £ S n : i < 
j =^ 7r(i) < vr(j)} = {id}. Hence fi(det q ) = Wi^iuu) / 0, whence no uu is 
killed by any ^u. But now, for i < I, we have 

niuaUii) = qfi(uiiuu), fi(uuuii) = q^{uiiUn) 

whence fJ-(uij) = for all i ^ j, fj, £ F. In particular, since A(u{j) = 
Y^=i u ik ® u kj for (all i,j and) both GL q (n) and SL q (n), hence Tgl — 
(R x ) n , and Tsl — (i? x )™ -1 (both under coordinate- wise multiplication), 
since fi(u nn ) = Yli=i f^^ii) m the latter case. 

Finally, computing Sn now reduces to the above results and the first 
example (of the free group G = © n ,o)- This is because we reduce any 
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h G GL q {n) or SL q (n) to a sum of monomial words, and such a word is not 
killed by any \x if and only if there is no contribution from any uu,i ^ I. 

Example 7 (Finite-dimensional pointed Hopf algebras). Assume that 

(1) R = k(R) is an algebraically closed field of characteristic zero. 

(2) H is a finite-dimensional pointed Hopf algebra over R. 

(3) G(H) is a (finite) abelian group of order coprime to 210. 

Then by the Classification Theorem 0.1 of [ASj . H is generated by G(H) 
and some skew-primitive generators {x«}, that satisfy gxig^ 1 = Xi{g) x i f° r 
all i and all g G G(H). Since Xi £ by |AS|, Equation (0.1)], hence 
Proposition 12.21 above, once again reduces the computations in here, to the 
grouplike case. 



3. Skew-primitive elements 

We now mention various generalizations of primitive elements. 

Definition 3.1. An element h G H is skew-primitive if A(h) = g®h + h®g' 
for grouplike g,g' G G(H). Denote the set of such elements by H gg i. Then 
g — g' G H g gi n H g ^ g , and H^i = H prim . 

We say that h is pseudo-primitive (resp. almost primitive) with respect 
to n if, moreover, g~ l g' G Gu(H) (resp. g,g' G Gn(H)). In future, we will 
not specify II because it is part of the given data. 

Thus, note that 

{skew-prim.} D {pseudo-prim.} D {almost prim.} D {prim.} 

Lemma 3.1. Say /i G -£f g , 9 ' as above. 

(1) T/ie se£ {7 G T : 7(h) = 0} is a subgroup ofT. 

(2) e(/i) = and 5(h) = -g'^g'Y 1 G H (g/) -i jg -i. 

(3) If 50 w any grouplike element, then goh and hgo are also skew- 
primitive. We also have qn — q^ 1 G H„ -1 n H-i „ . 

(4) For all n > 0, we also have 

n 

AWf^^^'g^fj'fM (2) 

i=0 

(5) For any 7 G II, we have 7(5) / l{g'), or j(h) = 0, or char(i?)|n 7 . 

(6) /i is pseudo-primitive if and only if g~ l h, hg^ 1 , (g')~ 1 h, h(g')^ 1 are 
almost primitive. If go G G(H) and h is pseudo-primitive, then so 
are goh and hgo- 

Proof. The first part is an easy verification. The second part follows from 
the statements 

(id*e)(/i) := ^(id®e)A(/i) = h, (id *S)(h) := ^(id®5)A(/») = e(/t) 
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The third, fourth and last parts are now easy to verify. For the fifth part, 
if 7 = e then we know from above that e(h) = 0. Otherwise, suppose that 
7 / £ and 7(g) = 7(5')- Suppose 7 has order n 7 in II. We compute, using 
equation ([2]) above: 

Q = £{h)=1 *n l{h)=n ^ {h)l{gTl -l 

and we are done since 7(5) is a unit and R is an integral domain. □ 

Our main result here is to compute Xn(<?i%2) for any gi,gz G G(H), or 
equivalently by the lemma above, En(/i) for all skew-primitive h. 
Equation ([2]) implies that if 7 G T, and j(g) 7^ 7(</)> then 

7 "(/o = i® n (A^(h)) = 7 (h) ■ ^f-^r (3) 

7(5) - 7(3 ) 

3.1. The main result. In all that follows below, we assume that h is skew- 
primitive, with A(h) = g ®h + h® g' . 

Theorem 3.1. A skew primitive h G H g g i satisfies at least one of the 
following three conditions: 

(1) If there is A G II so that X(g), X(g') 7^ 1, t/ien Xn(ft-) = 0. If no such 
A exists, then one of g,g' is in Gu(H)- 

(2) Suppose only one of g,g' is in Gji(H), so that there exists A G II 
with exactly one of X(g), X(g') equal to 1. Then we have Sn(/i) = 

\U\X(h) 

1 - K99') ' 

(3) If X(gg') = 1 for all A G II, then Y, n (h) = ^ 7 ^ e=7 2 j(h), and 
2£ n (/i) = 0. 

Remark 3.1. 

(1) Thus, the expression A(/i)/(l — X(gg')) = En(/i) G k(R) is indepen- 
dent of A (as long as X(gg') 7^ 1), for such h. As the proof will 
indicate, we should really think of 1 — X(gg') as 1 — X(g) or 1 — X(g') 
(depending on which of g' and g is in Gu(H))- 

Moreover, equation ([3]) implies, whenever j n (g) 7^ J n (g'), that 

l n {h) = 7(h) 

T(g)-T{g') i(g)-i(g') 

Actually, both of these are manifestations of the following (easy) fact 
(recall that H* is an algebra under convolution): 

Lemma 3.2. Given h G Ug,g>, define Nh ■= {7 G H* : 7(5) 7^ 
7(</)}. Suppose /i, A G Nh- Then (/x * A)(/i) = (A * /u)(/i) if and only 
if fh(v) = A(A), where f h -N h ^ k(R) is given by 
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(In other words, weights commute at h precisely when they lie on 
the same "level surface" for fh.) 

(2) Also note that if the first two parts fail to hold, then both g, g' £ 
Gyi(H), and the final part holds. Thus, the above theorem computes 
T,u(h) for all skew-primitive h, if char(i?) 7^ 2 or not both of g,g' 
are in Gu{H). We address the case when char(i?) = 2 and g,g' £ 
Gu(H), in the next subsection. 

(3) Using Proposition 12. II in the previous subsection, several of the cases 
of the above theorem can be put into either of two equations. We 
thus state the "condensed" versions of the theorem, and remark on 
how they are reformulations of (parts of) the statement above. 

Note that the second equation ([5]) below is in a nice "dual" or 
"symmetric" form. 

Theorem 3.2 (Reformulations). If h € Hg, g ' and A £ II, 

(l-A(^0)|n||(A)|En(^) = (|(A)|-E <A> (W))A(/ i )(Sn( 5 )-Sn(5 / )) 2 (4) 
and 

(X(g) - \(g'))Zn(h) = X(h)(E n (g) - E n (</)) (5) 
Thus, if g~ l g' $ Gn(H), or if gg' ^ Gr(H) and char(i?) { |I1|, then we can 
compute En(/i) from one of these equations. 

Proof of equation Q . We compute: 

\(g)Z n (h) + A(/»)S n 0/) = £ \(g)v(h) + \(h)v(g') = J^(A * u)(h) 

i/gn i/en 

= E n (/i) = Y,( u * A )W = • • • = S n(5)A(/i) + X u (h)\(g') 
The equation now follows by rearranging the terms. □ 
"Equivalence " of equation ^ : 

If X(gg') = 1, then the first factor on the right side also vanishes, and there is 
no information gained. Next, the last factor on the right is always divisible 
by |II| by Proposition 12.11 above, so both sides vanish if char(i?) divides 
|II|. Moreover, the third part of Theorem 13.11 above is mentioned in the 
reformulation, so we focus only on the first two parts, further assuming that 
X(gg') / 1, and that char(i?) \ | XT | . 

For the first part, if neither g nor g' is in Gu(H), then the last factor on 
the right side vanishes by Proposition 12.11 whence Sn(/i) must vanish too. 
For the second, since only one of g,g' is in Gji(H), the first and last factors 
on the right side equal |(A)|, |I1| 2 respectively, by Proposition 12.11 Thus, 

(l-A( 59 '))|n|KA)|-E n (/ l ) = |n| 2 |(A)|-A(/ l ) 

which was the conclusion of the theorem above, since no term (except pos- 
sibly the last terms on either side) vanishes. □ 
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Proof of Theorem \3.1l 

(1) We use equation (P) to prove the first part of this result: 

En(*0 = (A * X u )(h) = £ X{g)u{h) + \{h)v{g') = X(g)Z u (h) + X(h)V u (g') 

Since g' Gu(H), hence the second term vanishes, and we are left 
with (1 - X(g))E n (h) = 0. But X(g) / 1. 

Next, if no such A £ II exists, then IT = U g U Dy, where II^Dy 
were defined before Proposition 12.11 We claim that one of the two 
sets is contained in the other, whence one of g,g' is in Gji(H). For 
if not, then choose 7,7' £ II so that 7(5), 7' (g 1 ) 7^ 1 (whence 7(3') = 
1 = 7' (<?)). Now look at 7 • 7' = 7 * 7': 

77'(s) = 7(9)7' (9) = 7(9) + 1, 77(9) = 7G/hV) = 7 \g) * 1 

and this is a contradiction. Thus one of LT 5 \ Dy , Dy \ H g is empty, 
and the claim is proved. 

(2) Suppose g' £ Gu(H), X(g) 7^ 1 for some A (the other case is similar). 
Then by equation ([5]) and Proposition 12.11 above, 



Ms) -Ms') 1 'A(9)'l-1 l-X(g)Mg') 
as was claimed. 

(3) If X(gg') = 1 for any A S T, then we compute: A -1 (/i) = — X(h). 
Thus, if A 7^ A , then A + A -1 kills h, and the first equation now 
follows because e(h) = 0. The second is also easy: 

2Zn(h) = J2(7(h)+7~ 1 (h)) = 
7en 

□ 

3.2. The characteristic 2 case. The only case that Theorem 13 . 1 1 does not 
address, is when char(i?) = 2 and g,g' E Gn(H). We now address this case. 

Theorem 3.3. Suppose U is as above, char(i?) = 2, and h £ H g g i is almost 
primitive with respect to II. 

(1) If TI has odd order, then Sn(/i) = 0. 

(2) If 4 divides \U\, then T, n (h) = 0. 

(3) If H has even order but 4 \ \H\, then Sn(/i) = 7(^1) for any 7 £ II of 
order exactly 2. This may assume any nonzero value in R. 

We omit the proof, since this result is a special case of a more general 
theorem in general (positive) characteristic, that we state and prove in a 
later section. 
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4. Subgroups and subquotients of groups of weights 

4.1. Subgroups associated to arbitrary elements. In this article, we 
focus on computing Sn at any element h in a Hopf algebra H. However, we 
can also carry out the following constructions: 

Definition 4.1. We work over R. 

(1) Suppose H is an i?-algebra, so that V = Th has a group structure * 
on it. Define T^ to be the stabilizer subgroup of h, given by 

T h := { 7 g r : (/3 * 7 * <5)(/i) = {f3 * S)(h) V/3, <5 G T} 

(2) Given a coalgebra and h £ H, define to be the -R-subcoalgebra 
generated by h in H. 

(3) Given a Hopf algebra i/, define T' h to be the /ixec? weight monoid of 
/i, given by 

r' h -.= {7 6 r : ^\c h = £ \c h } 

In particular, 7 (/i) = e(h) if 7 G IV 

We will talk of how this allows us to consider subquotients of T, in a later 
subsection; but first, we make some observations involving these subgroups. 

Proposition 4.1. 

(1) For all h, T^ is a normal subgroup ofT, and T' h C Ty L is a monoid 
closed under V -conjugation. 

(2) Given {hi : i G /} C H, and h G (hi) (i.e. in the subalgebra 
generated by the hi 's), Th D Die/ TfH> o,nd similarly for the Vs. 

(3) Given any hi G H (finitely many), suppose Tl = x,jTli, with Hi C 1^ 
whenever i 7^ j. T/ien 

S n (h) = nSn l (/ ll ) 

i 

Proof. 

(1) These are straightforward computations. 

(2) For all (3,5 ET, 7 G Hi r\, and polynomials p in the h^s, we have 

(/3 * 7 * 5)(p(hi)) = p({(3 * 7 * S)(hi)) = p({(3 * S)(hi)) = (P * 

The outer equalities hold because weights are algebra maps. 

The proof for the T's is as follows: if h = p(hi) as above, then since 
A is multiplicative, hence any h! G is expressible as a polynomial 
in elements h'- G UjC^ - say h! = q(hj). We conclude that if 7 G T' h . 
for all i, then 

l(q{h'j)) = qilih'j)) = q{e{h'j)) = e(q(h$) 

where once again, the outer equalities hold because weights are al- 
gebra maps. In other words, j(h') = e{h'). 
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(3) Given j$ G IT Vz, we compute (for each j): 

(*i7i)i h j) = $^7l((^)(i))'^((^)(2))---7n((^)(n)) 
= ^2^j(( h j)(j))Yl £ (( h j)(i)) = lj( h o) 

so that we have 

n n 

E n (/»)= E (*i 7 i)(h)= e n^) = nE*) = n s n,w 

(7»)i6n (7«)«en » i=i7;en; ?=i 

□ 

We also mention two examples. 

Lemma 4.1. // g G G(H), then this definition of T g coincides with the 
previous one: T g = T' = {7 G V : 7(g) = 1}. If h £ Hg,g'> then C 
T 9 n Tgi , or Th = r. /n 6oi/i cases, = T/, n r 3 n r p /. 

Proof. The first statement is easy to show. Now if h £ -ff^y and 7 £ r\, 
then 7(/i) = = 0, whence the definition of Th also gives us that 

P(hh(g) = (3(h) = P(hh(g') V/3 6 T, 7 G T/j 

Therefore either = for all (3 - whence we get that = T - or some 
(3(h) 7^ 0, whence 7(5) = 7(5') = 1 for all 7 G T/j, as claimed. It is now easy 
(in both cases) to compute T' h . □ 

4.2. Subquotients. We now compute Y±n(h) for more general II: given 
h G H, choose any subgroup T' of I\ that is normal in I, and consider any 
finite subgroup II of T/T'. We now choose any lift II of IT to I, and define 

Xn(h) ■.= E 7 », n° : = { 7 g r : (7 + r') g n c r/r'} 

7" en 

The following result will be used later. 

Lemma 4.2. Setup (i.e. h,Th,T',H,Il°) as above. 

(1) Y,ji(h) is well-defined. 

(2) // a subgroup T" C I\ is normal in LT° (e.g. T" = F' or I\ H II ,), 
i/ien 

Sn°(/i) = |r"|Sno (h) 

Proof. For the first part, choose any other lift IT of II. If 7' G II', 7" G II 
are lifts of 7 G II, then (7') _1 * 7" G I\, so 

E 7» = E(V* ((7'r 1 * t"))(m = E 

yen 7' en' 7'en' 



16 



APOORVA KHARE 



by definition of IV The other part is also easy, since by the first part, 
En*(/i) is also well-defined, where the finite group is II* := n /T". If II** is 
any lift to IT of II*, then 

£n°w= e w*P)(h)= vco = i r "i E 

7'en**, /?er" 7'en**, /3er" 7'en** 

and this equals the desired amount. □ 

While a special case of the second part is that Erp(/t) = |r'|£n(/t), we 
will really use the result when V is itself finite, and we replace 11° by II. 
The equation is then used to compute £n(/i). 

4.3. Pseudo-primitive elements. For the rest of this paper, H is an R- 
Hopf algebra, unless otherwise specified. Now if h is grouplike or (pseudo- 
primitive, then it is easy to see that Sn(/i) = | [II, II]|En ai) (/i), where II a b := 
n/[II, II] (we show the pseudo-primitive case presently). Thus, in the grou- 
plike case, the question of whether or not h G Gn(H) reduces to evaluating 
(any lift of a set of) generators of (the finite abelian group) II a fe, at h. 

Proposition 4.2. Suppose h G Hg, g > is pseudo-primitive with respect to II. 

(1) Then (7 * u){h) = (v * l)(h) = u(g)^(h) + j(g)v(h) for all 7, v G II. 

(2) r h D [n,n]. 

(3) For any m > 0, we have 7* m (/i) = m'j(g) m 1 7(/i) if 7 £ II. In 
particular, if char (R) = p is prime, then 7* p (/i) = V7 S II. 

Proof. The first and last parts are by definition and induction respectively. 
As for the second part, one shows the following computation for any skew- 
primitive h G Hg^i, and (3,(3' G Fh- 

((3*(3'*(3- 1 *^r l )(h) = /wr'xi-^wr 1 )) 

+/n%r 1 x/wr 1 )-i) 

using Lemma 13.11 Since h is pseudo-primitive with respect to II, hence 
this shows that every generator (and hence element) A of [II, II] satisfies: 
A(g) = X(g') = 1 and X(h) = 0. Since Ch = Rh + Rg + Rg', hence these 
imply that A G T' h . □ 

An easy consequence of Propositions 14.11 and 14.21 is 

Corollary 4.1. If h G H is (in the subalgebra) generated by grouplike and 
pseudo-primitive elements (with respect to Yi), then F' h D [11,11]. 

Also note that given some h G H, we can compute Sn(/i) for more general 
II, and hence the results in this paper can be generalised; however, we shall 
stick to our original setup when II C T (i.e. I" = {e}). We need to note this 
(general) case, though, because we shall use it below. 

We conclude by specifying more precisely, what we mean by £ri(/ii • • • h n ) 
for "pseudo-primitive" /ij's, when II is a subquotient of T as above. Thus, 
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we start with some skew-primitive h^s, then let II be a finite subgroup 
of r/r', for some subgroup V C njl\ that is normal in T. Moreover, if 
A(hi) = gi®hi + hi(& g[, then we further assume that 7(5^) = 7 (<^), for all 
elements 7 of the subgroup IP (defined above). 

This is what we mean in the case of general II, when we say that gi,g[ G 
Gu{H) - i.e. that the /ij's are pseudo-primitive (with respect to II). Simi- 
larly, in saying that the h^s are almost primitive with respect to II, we mean 
that 7 ( 5i ) = 7 ($ = 1 V 7 G n . 

5. Products of skew-primitive elements 

We now mention some results on (finite) products of skew-primitive ele- 
ments and grouplike elements. From now on, II denotes a finite subgroup of 
r and not a general subquotient; however, in the next section, we will need 
to use a subquotient $ of this II. 

Since the set of skew-primitive elements is closed under multiplication 
by grouplike elements, any "monomial" in them can be expressed in the 
form h = Y\i hi- The related "grouplike" elements that would figure in the 
computations, are g = Y\ i gi and g' = n«5i- 

Standing Assumption 5.1. For this section and the next two, we assume 
that hi G Hg i g i_ for all (finitely many) i. 

We first mention some results that hold in general. 

Proposition 5.1. If \(hi) = Vi for some A G IT, and (at least) one of 
A(g),A(g') is not 1, then E n (h) = 0. 

Proof. If X(hi) = then A m (/ij) = for all i,m. We now choose a set B 
of coset representatives for (A) in IT, and assume that A(g') 7^ 1 (the other 
case is similar). Then we compute: 

s n(h) = E II (PiMhi) + /3(^h(s0) 

Since j(h{) = for all 7 G (A) and all i, hence the entire product in the 
summand collapses, to give 

= £/3(IIk)- E w(IIflO 

and the second factor vanishes by our assumption (and Proposition ^. lj) . □ 

Next, if we know Sn(nr=i^«)> f° r an skew-primitive h^s, then we can 
evaluate the product of (n + 1) such h's in some cases. The following result 
relates En-values of strings to the En- values of proper substrings (with skew- 
primitive "letters"), that are "corrected" by grouplike elements. The proof 
is that both equations below follow by evaluating equation ([!]) at h. 
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Proposition 5.2. Suppose one of g, g' is not in Gn(H). Thus, if for some 
A S II ; we have A(g) 7^ 1, or respectively A(g') 7^ 1, i/ten 

v ... E, gn a(A(gOK^) + A(MKffD) ~ A(g)S n (h) 
Sn(h) = ^W) 

or respectively, 

EuenUM9i)Hhi) + Hhi)X(gi)) - S n (h)A(g') 



Sn(h) 



1 - A(g') 



Note, here, that both numerators on the right side have an En(h) in 
them, which cancels the only such term present in the summations. Thus, 
what we are left with in either case, are linear combinations of En-values of 
"corrected" proper substrings, with coefficients of the form X(J\gjhk). 

Also note that if we knew the En-values of all "corrected" proper sub- 
strings, and char(i?) 7^ 2, then the two propositions, one above and one 
below, can be used, for instance, to compute En at all monomials of odd 
length (in skew-primitive elements). 

The statement and proof of the following result are essentially the same 
as those of the last part of Theorem 13.11 above. 

Proposition 5.3. Suppose gg' G Gji(H), and char(i?) = 2 if the number 
of hi 's is even. Then En(h) = ^ 7 _^ e=7 2 7(h) ; and 2En(h) = 0. 

This is because we once again get that A _1 (h) = — A(h) VA. 

The next result in this subsection is true for almost all values of char R. 
The proof is immediate from the penultimate part of Lemma 13.11 above. 

Proposition 5.4. If chax(R) \ | IX | and g^ 1 g'i £ Gyi(H) (i.e. hi is pseudo- 
primitive) for some i, then -){hi) = V7 G IT. In particular, En(h) = 0. 

We conclude this section with one last result - in characteristic p. 

Theorem 5.1. Suppose char(i?) = p > 0, and hi £ H g . g i for all i. Choose 
and fix a p-Sylow subgroup Yl p ofH. 

(1) Then each hi is almost primitive with respect to Ii p . 

(2) If lip contains an element of order p 2 , then En(h) = En p (h) = 0. 

We will also see later, that En p (h) = if Ii p ¥ (Z/pZ) k for any k> 0. 
Proof. 

(1) If z p = 1 in R, then (1 — z) p = 1 — z p mod p = in R. Since R is 
an integral domain, z = 1. Now assume that |n p | = p^ . Thus for 

t f f 

each 7 £ n p , we have 7* p = e, whence "f(gi) p = 7(o-) p = 1 for all 
i. Successively set z = 7(gi) p ', for t = f — 1, / — 2, . . . , 1, 0. Hence 
l{gi) = 1 f° r an i'1 the other case is the same. 
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(2) Next, if A has order p 2 , then choose a set B of coset representatives 
for (A) in II, and compute using Proposition 14.21 above (since all h^s 
are pseudo/almost primitive with respect to n p , hence for (A)): 

p 2 -l n 

s n (h) = ^^n^* A * j )^) 

peB j=o i=l 

p 2 -l n 

= E E II 0WA%) +i/3(<7 i )A( 5i r 1 A(/ ij )) 
/3eB j=o i=l 

Call the factor in the product (it really is ap^j). Then we ob- 
serve that a,i )P+ j = \ p (gi)dij for all i,j, whence ai t kp+j = ^ kp (di)o.ij. 
Therefore for any G B, the summand in the above equation is 

p 2 -l n p—lp—l n p—lp—1 n 

e n a M- = e e n a ^ P +j = e e A (g) fep n °« 

j=o i=i j=o fc=o 8=1 i=o a,=o 8=1 

Finally, observe that the sum over k yields ^fc=o^ fc ' where £ = 
A(g) p = 1 by the previous part. Thus the sum is p = 0, whence 
every /3-summand above vanishes, and we are done. 

□ 

6. Special case - abelian group of weights 

In this section, we focus on the special case where the group II of weights 
(that we sum over) is abelian. We then evaluate Sn(h) as above. 

Definition 6.1. 

(1) For all n G N, define [n\ := {1,2,..., n}. 

(2) Given I C [to], define gi := Y\ ie i gi, and similarly define g'j,hi. 

(3) Define U p to be any fixed p-Sylow subgroup of II if char(i?) = p > 0, 
and {e} otherwise. Also choose and fix a "complementary" subgroup 
IT to Hp in II (if II is abelian), i.e. |n p | • |n'| = |n|. (And if 
char(ii) = 0, set II' := II.) 

We present two results here. The first is (nontrivial only) when char(i?) 
divides the order of II, and the second (which really is the main result) is 
when it does not. 

Theorem 6.1. Suppose II is abelian; let n p ,n' be as above. Let J C [n] be 
the set of i 's such that hi is pseudo-primitive with respect to II. Then 

£n(h) = ^w(gjh[ n ]\j) ■ En p (hj) 

(Thus, if char(i?) = 0, or < char( J R) \ |TT| , then E Up (hj) = e(hj) = 0, 
whence £n(h) = too.) 
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Proof. First note that X(gi) = X(g' i ) = 1 for all A £ H p and all i, by Theorem 
15.11 above. Now, since II is abelian, every 7 £ II is uniquely expressible as 
7 = * A with £ IT, A £ lip. We thus compute ^(hi) in both cases: i £ J 
and i ^ J. 

Let us first consider the case when i £ J. Then = for all £ IT, 

by Proposition loTH Thus, 

7(fci) = P(gi)\(hi) + P{hi)\{ gi ) = p{gi)\(hi) 

Now suppose i £ J. Choose 7 £ II so that j(gi) 7^ 7(5^)- Then 

(7 * \)(hi) = (A*7)(fci) 

which leads (upon simplifying) to 

A(^)(7(ft) " 7(5i)) = l{hi){K9i) ~ Kg'i)) 

But \(gi) = A(g-), and 7(^1) 7^ 7(5^)' so A(/i«) = for all A £ U p . Hence we 
finally compute: 

j(hi) = (0 * X)(hi) = 0{g i )X(h i ) + P(hi)\( gi ) = (3(hi) 

We are now ready to complete the proof. 

E n (h) = Yl I[P(9i)Khi)'I[P(hi) 

/3err, Aen p ie,/ i£j 

Y P(9jh[ n ]\j)\(hj) = Z u ,(gjh [n]V ) -Ti np (hj) 
/3en', \eu p 

as claimed. □ 

We compute Sn p (h) in a later section. For now, we mention how to 
compute the other factor. For this, we need Lemma 13.21 above. 

Theorem 6.2. Suppose char(i?) { |n|, and no hi is pseudo-primitive with 
respect to (the abelian group of weights) II. For each i, let fi £ k(R) denote 
0{h i )/{0{g i ) - /%<)) for some £ N h . n II. Also define 

S = {Ic[n]: gi g{ n]V GG u (H)} 

Then 

n 

s n (h) = (-irinin/ i -E(- 1 ) |/| 

i=i ies 

Note that if n = 1, this is a special case of the first two parts of Theorem 
13.11 above. Moreover, if some hi is pseudo-primitive with respect to II, then 
Sn(h) = from Proposition 15.41 above. 

Proof. Let us fix some generators 0\ , . . . , 0k of II (by the structure theory 
of finite abelian groups), so that IT = ©j = i 1*0 j- Then (by assumption,) for 
each i there is at least one j so that 0j(gi) / 0j(gi)~ 1 . 
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Let us now fix i, and compute 13 {hi) for arbitrary /3 G II. Suppose N[ 
indexes the set of /3j's that are in N^.; then we can write (3 = f3' + J2jeN' r iftj 
for some rj > and G ©j^jv; 

We first note by Proposition EJ for n ^ ®un' ^Pj that P'( h i) = °- 
Next, Lemma 13.21 implies that 

PiM = ^{hj) , 

We will need these facts in computing (3{hi) now. We therefore set (3" = 
{f3')~ l f3, and compute: 

P(hi) = P f {g i )P"{h l ) + 13' '{hi)(3"{ gi ) = f3'{ 9i ) I Y, r J& ) (hi) 

It thus remains to compute the last factor above. We will show the following 
claim below, first using it to finish the proof. 

Claim. Say (3" = EjgTv; r jPj- Tnen P" {hi) = {/3"{gi) - (3"{g'i))fi, where / f 
is defined in the statement of the theorem. 

Proof of the theorem, modulo the claim. By the claim, we therefore get that 
P(hi) = f3'{g t )(f3"{g t ) - (3"{glM = {(3{ 9i ) - 0{gl))fi 

(for all i) since j3'{gi) = (3'{g'j) by pseudo-primitivity. Using the notation 
that f3 r = Ylj=i r jPj ^ n, we now compute Sn(h) to be 

n n I 

=En^o») - a(sO)/< = n/< ■ e e (-rt n«iisi 

r 1=1 i=l r Ic[n] jfl 

n 

=(-i) n II/i- Ec-^'E^M-iv) 

i=l -fC[n] r 
n n 

K-i) n n/«E(- 1 ) |/| MH]v) = HrII/«' EH) |z| ^|n| 

i=l -fC[n] 8=1 -fC[ra] 

by Proposition I2.lt where the last 5 is 1 if / G <5, and otherwise. □ 

To complete the proof, we now show the claim. 
Proof of the claim. By equation ([3]), we see that for all j G we have 

(3p{h t ) = {(3 3 { 9l )^ -PMDfi 

Suppose without loss of generality, that we relabel the set {@j : j G N^} as 
{(3i, . . . , (3 m } (i.e. relabel the generators j3j of IT so that these are before the 
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others). We now compute the expression. Using the above equation, 

(m \ m 

E r ^- to) =En^(») n -09i(») ri -^(fl{) ri )/i-IlA(fl{) PI 
J=l / 3=1 Kj l>3 

When we take /j out of the sum, the remaining sum telescopes, and we are 
left precisely with 

n#C*) Pi - n^^'r J fi = Win) - 0"(gm 
\ j j / 

as claimed. □ 



7. Products of pseudo-primitive elements - positive 

characteristic 

We now mention results for pseudo-primitive elements hi (and not neces- 
sarily abelian LT) in prime characteristic; note that for almost all character- 
istics (including zero), Proposition 15.41 above says that Sn(h) = 0. Before 
we move on to the positive case, we need a small digression. 

7.1. Arithmetico-geometric series. Given d, f S N, we define <fd(f) = 
Yli=o ^ ■ Later in this section, we will need the following result on sums of 
powers modulo p (where p > is prime): 

Lemma 7.1. If f > 0, then <p(f) ^ mod p if and only if (p — l)\f, and 
in this case, ip(p — 1) = p — 1 = — 1 mod p. Here, (p(f) := y> p (f)- 

This result is actually a special case of what we shall use. For this, we 
actually need to define a more general sum. 

Definition 7.1. Fix a prime p > 0, and define 

p 

v{f,z) = ipp{f,z):=Y^{l S mod p)z l E R 
i=i 

Here, / > 0, char(i?) = p > 0, and z E R. (Thus, the <p above satisfies: 
tp(f) = <p(f, 1) mod p.) Clearly, <p(f, z) = <p(f + (p - 1), z) if / > 0. 

Now fix / > 0; we compute </?(/, z). Define the symbol ( X ~^ n ) to be 

(X + n)(X + n-l)...(X + n- f + 1) 
/! 

and note that this is a well-defined polynomial over those fields whose char- 
acteristic does not divide f\ (i.e. it is zero or greater than /). 
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Theorem 7.1. Given < /, <p(f,z) = z(l — z) p 1 *° g f _-]_(z) , where < 
fo<p and f = f mod (p — 1); and moreover, gf _i(T) = YliLo ^ a 

nonzero polynomial of degree fo — 1, whose coefficients cti are the (unique) 
integers that satisfy 

f f:J X + f °- 1 ~ l )^Xf^Q[X] (6) 

The proof of this theorem uses the following result. 
Proposition 7.1. Suppose /! / in a field k. 

(1) { X ), • • • ' { X+ f~ 1 ) f orm a k-basis of the vector space of poly- 
nomials of degree at most f with no constant coefficient. 

(2) IfctiEQ satisfy Z{=o /" 1_< ) = * f , then a i ^ 

(3) No prime p > f simultaneously divides all the ai 's. 

Proof. 

(1) Clearly, the given polynomials have the correct number (as the di- 
mension of the given vector space) . It remains to show that they are 
linearly independent. So consider a linear combination: 

i=0 \ J / 

Evaluating at X = —1, we get that every ( X f' i ) vanishes for i > 0, 
and (^) = (— 1)^ 7^ 0. Hence (3q = 0. Now proceed inductively, 
evaluating at —2, —3, . . . ; we get that all the /Vs vanish one by one. 

(2) Given the equation involving the ccj's (and such an equation exists by 
the previous part), set X = 1. Then all but one binomial coefficients 
vanish (since they involve X — 1), and we get ao = V € Z. Next, 
put X = 2. Then «2 = 2-^ — (/ + l)a\ G Z. We proceed inductively 
to get that all ctj G Z. 

(3) If some p > f divides all the aj's, then the equation defining the 
ai's, when considered in F p , gives us that X* = 0, which is false. 

□ 

We are now ready to finish the proof. 

Proof of the theorem. Firstly, note that the equation defining the (integers) 
aj's is valid in F p , hence in R D F p , by the previous result. We therefore 
work only in R[z] now. (Moreover, gf -i is not identically zero from the 
proposition above.) 

Next, we may assume that / = fo, by Fermat's Little Theorem. Now 
compute the coefficient of z l in z(l — z) p ~f~ 1 gf-i(z) (where < I < p): 

i=0 



p-f- 1\ 

[i-i-i h 
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Modulo p, the binomial coefficient is just and it is an easy-to-show 

fact that (~ i n ) = (— 1)* ( n+ T~ ) , whence the above sum now simplifies to 





Evaluating both sides of the defining equations for the oVs at X = I, this 



We conclude with the following generalization of Lemma 17. II above. The 
first part follows from Fermat's Little Theorem, and the second part is ob- 
vious from Theorem 17. II above. 

Proposition 7.2. 

(1) If(p-l)\f themp(f,l) = -1 (inR), unless f = 0, when<p(0,l) = 0. 

(2) ip(f, z) = if and only if z = 0, or z = 1, (p — 1) { /, or z is a root 

°f 5/o-l- 

7.2. Preliminaries. Recall that a pseudo-primitive element is any h S 
Hg : gi so that g~ x g' G Gyi(H). We now need some terminology. Note by 
Hall's theorems, that a finite group is solvable if and only if it contains 
Hall subgroups of all possible orders (cf. |ABl §11]). So if |<3?| = p k ■ m with 
p \ to, let $ m be any Hall subgroup of order to. 

Definition 7.2. {p > a fixed prime.) Given a finite solvable group 
denote by $ p , respectively, any p-Sylow subgroup and any Hall subgroup 
of order |$|/|$ p |. (From above, we mean $' = $ m .) 

For the rest of this section, char(i?) = p > 0; also fix n, the number of ht's. 

Proposition 7.3. Suppose, given skew-primitive h{'s, that C T/V is a 
finite solvable subquotient of T (as in a previous section) with respect to 
which every hi is pseudo-primitive. Then S$(h) = S$/(g) • S$ p (h). 

Proof We first claim that the "set-product" <£>'$ p := {(3*X : (3 £ A G $ p } 
equals the entire group <£. Next, if f3 E then f5{h) = for any pseudo- 
primitive h £ Hg t gi, because if |$'| = to ^ mod then /3* m £ f C T/, 
(as in a previous section), whence = e(h) = [5* m {h) = m[3(g) m ~ l [3(h). 
Therefore we finally compute: 



sum equals I* . 



□ 



n 



S*(h) 



e n^* A )^) 



e 



n n 



e n^o • e ri A ^) = s$'( g )s* p (h) 



i=i Ae$ p i=l 
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as claimed. □ 

Remark 7.1. The above proposition thus holds for any group <3?, such that 
some p-Sylow subgroup <5 p has a complete set of coset representatives, none 
of whom has order divisible by p. Obvious examples are abelian groups or 
groups of order p a q b for primes p ^ q (but these are solvable by Burnside's 
Theorem). 

Also note that the above sum is independent of the choices of <T> P , 

The next result is crucial in computing Sn(h), and uses subquotients of IT. 

Theorem 7.2. Given IT C T, suppose hi £ H is pseudo-primitive with 
respect to IT for all i. Define = II a & := n/[IT, II]. Then 

E n (h) = |[n,n]|-S^(g)-S0 p (h) (7) 

For instance, if every hi was almost primitive, then S<j,/(g) = [<£ : <I> p ]. 

Proof. At the outset, we note that S$/(g) and £$ p (h) make sense because 
of Corollary 14.11 and Proposition 14.11 above. Now, the proof is in two steps; 
each step uses a previously unused result above. 

Step 1. We claim that Sn(h) = | [XI, IT]|E$(h). This follows immediately 
from Lemma 14.21 where we replace h,T" ,U° by h, [IT, IT], IT respectively. 

The only thing we need to check, is that the above replacements are indeed 
valid. Since [IT, IT] is normal in IT, we only need to check that [IT, IT] C I\. 
But this follows from Corollary 14.11 and Proposition 14.11 above. 

Step 2. The proof is now complete, if we invoke Proposition 17.31 above. □ 

We conclude the preliminaries with one last result - for s&eu>-primitive 
elements in general. 

Proposition 7.4. IfU p ¥ (Z/pZ) k for any k > 0, then En p (h) = 0. 

Proof. By Theorem 15. 1\ the hi's are almost primitive with respect to IT p . 
Hence we can invoke equation ([7]) above, if we replace IT by IT p . Now, if 
Tip is not abelian, then |[IT p ,IT p ]| > 1, hence is a power of p, whence the 
right-hand side vanishes. Next, if IT p is abelian, but contains an element of 
order p 2 , then Sn p (h) = by Theorem 15 . 1 1 again . The only remaining case is 
when U p ^ (Z/pZ) k for some k. If k = 0, then TT p = {e}, and e(h) = 0. □ 



7.3. The main results - pseudo-primitive elements. The following re- 
sult now computes Sn(h) (for pseudo-primitive hi's) in most cases in prime 
characteristic that are "nonabelian" . For the "abelian" case, we appeal to 
Theorem 17.41 below - and mention at the outset, that it is only for almost 
primitive (and not merely pseudo-primitive) elements, that we get a much 
clearer picture - as its last part shows. 
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Theorem 7.3. Suppose char(i?) = p £ N, EL is any (fixed) p-Sylow sub- 
group ofU, and every hi is pseudo-primitive (with respect to H). 

(1) S n (h) = ifU p 

(a) is trivial, 

(b) contains an element of order p 2 , or 

(c) intersects [II, II] nontrivially. 

This last part includes the cases when EL 

(d) is not abelian, 

(e) does not map isomorphically onto (some) <J> p; via (the restric- 
tion of) the quotient map tt : II -» = 11/ [II, II], or 

(f) has size strictly greater than $ p . 

(2) Otherwise EL ^ $ p ^ (Z/pZ) k for some k > 0, and taen S n (h) = 

|[n,n]|-s $ ,(g)-Sn p (h). 

Remark 7.2. Any finite abelian group of exponent p is of the form (Z/pZ) fc , 
hence one part of the second statement is clear. Moreover, every subquotient 
of such a group is of the same form. Finally (especially when all of the h^s 
are almost primitive with respect to II), the cases that remain reduce to 
computing Sn„(h), and when EL = (Z/pZ) fc ; we address this below. 

Proof. The second part follows from the first part, the remarks above, and 
equation ([7]). We now show the first part. 

(a) If lip is trivial, then p \ |II|, and we are done by Proposition 15.41 

(b) This has been done in Theorem 15.11 above. 

(c) Now suppose that [II, II] n IL p ^ 0. Then [II, II] contains an element 
of order p, whence p divides | [IT, IT] | - Now use equation ([7]). 

It remains to show how this last includes the remaining cases. 

(d) First, if U p is nonabelian, then [EL, EL] is a nontrivial subgroup of 
the p-group EL. In particular, EL intersects [II, II]. 

(e) Next, note that 7r(EL) is a p-group in <£, and |EL| > |<3> p | (since |$| 
divides |II|). Hence EL does not map isomorphically onto (some) $ p 
if and only if tt is not one-to-one on EL. But then we again have 
that [EE, EC] intersects EL. 

(f) Finally, if |EL| > |3> p |, then EL cannot map isomorphically onto & p , 
so we are done by the preceding paragraph. 

□ 

We conclude by analysing Sn p (h). Note that the results below that per- 
tain only to Sn p (h) are applicable in general to all skew-primitive h^s, by 
Theorem 15.11 above. 

Theorem 7.4. Setup as above. Suppose moreover that EL = (Z/pZ) k . 
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(1) jj(gi) = 1 for all i,j. In particular, g £ Gn p {H). 

(2) Ifk>n, then S n (h) = £n p (h) = 0. 

(3) If k = n, then 

k 

S n p (h) = JJ y»(l,7i(g)) • perm(^l) = perm(A) • <p(l, if 

3=1 

where the jj 's form a TLjpTL-basis of Hp, ip{f, z) is as above, A is the 
matrix given by a,y = J jiffy), and perm is the matrix permanent: 

n 

perm(A nxn ) = ^ IJ°<,<T(i) 

ueSn 1=1 

In particular, Sn p (h) = unless p = 2, in which case we get 
£ n (h) = Sn p (h) = detA 

(4) If Sn p (h) 7^ 0, then (p — l)|n and < k < n/(p — 1), and then 
Sn p (h) can take any value r £ R. (If k = n and p = 2, then r ^ 0.) 

Remark 7.3. 

(1) The above result is independent of the chosen p-Sylow subgroup LT P , 
as well as the choices of generators 7,-. 

(2) Let us look at the special case p = 2 (and also focus on n = 1, g, g' £ 
Gn(-ff) as considered in Theorem 13, 31 above). If II2 denotes any fixed 
2-Sylow subgroup, and has an element of order 4, then Sri(h) = 0. 
Otherwise every nontrivial element in LT2 has order 2, whence II2 is 
a finite abelian group with exponent 2, i.e. LI2 = (Z/2Z) fc for some 
k. Theorem 17.41 then tells us that Sn(h) = if k > n. (If n = 1, 
then this happens when 4 divides | TI2 1 - ) 

Moreover, since p = 2, the last part says (if g £ Gn{H) as well) 
that Sn(h) = En p (h) can take any value for any k < n = n/(p — 1). 
For instance, if n = 1, then Y,ji p (h) = ^(h) (the determinant - or 
permanent - of a 1 x 1 matrix) for any 7 of order 2 (i.e. basis of 
some 2-Sylow subgroup). 

The rest of this section is devoted to proving the above result. First, suppose 
we have a subgroup 11^ = {Z/pZ) k of II (so ITp C H p in general). Choose a 
set of coset representatives B for IT^ in II, and write 

n 

S n (h)= (7*/5)(h)= £ n(7*0)(fc) 

peB, 7en p /3eS, 7en p %=\ 

Recall that every element of LT^ is ^ a ,i '■= Ylj^i a jlj (with 7, as above), 
for some subset I of [k] := {1,2, ...,k}, and some | J | -tuple a = (aj)j £ i 
of elements of (Z/pZ) x . Recall, moreover, that we had previously defined 
9l,9l,hi for I C [n]. 

We also need the following lemma, that is proved using Proposition 14.21 
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Lemma 7.2. If h £ Hg,g' is pseudo-primitive with respect to H, and given 
(3 G B, 7a,/ G n p as above, we have 



k 

3=1 



k 

3=1 



The key observation now, is that the only "monomials" that occur in the 
product nr=i(<^ * la,i){hi) are of the form 

0(S9T*h Io )-l[<y j (hi j ) 

where Uj^jII^o = N> and Ij C I for all j. The coefficient of such a 

monomial in this particular summand, is Yljei a ^j j ^lj(s) aj by the lemma 
above. Moreover, every such monomial occurs at most once inside each 
(/3*7a,/)(h). 

The crucial fact that will prove Theorem 17.41 above, is the following 

Key claim. The coefficient of f3(ggJ^h Io )l\ j€l j j (h Ij ) in E 7 eirj, (Z 5 * 7) ( h ) , 

equals p k ~^ U jeI <p(\Ij\, 7j (g)). 

Proof of the key claim. A monomial of the desired form occurs in precisely 
those (a', I')-summands, so that I 1 D /. Moreover, all such summands can 
be split up into a disjoint union over all a G ((Z/pZ)*)^, with each disjoint 
piece containing all (a' , I') so that I' D I and the /-component of a' is a. 

Such a piece contains exactly p k ~W elements (and hence exactly that 
number of copies of the monomial with this selfsame coefficient). Each of 
these "extra" [k] \ I factors contributes a 0(hi), which gives P(hj ). 

Moreover, there is one contribution for each a G ((Z/pZ)*)^, and it 

* s Tljei a j /j '7j'(s) aj ' PiggT^), since the argument for the /3-factor here is 

precisely l\ k j=1 g Ij . 

Summing over all possible tuples a G ((Z/pZ)*)' 7 ', we get the coefficient 
(apart from the /3-part) to be 

pM'i £ n «JSfe)" = p k ~ m n E 4"'^(g) a ' 

and this equals p*H J l Jlje/ v(l-'jl) 7j(g)) as desired, because the only prob- 
lem may occur when some \Ij\ = 0. But then |/| < k, so 
p— l p— l p 

p fcH/| E a ?^(g) aj ' = E a hM aj = o E a h(g) aj =p fc " |/| ^(o,7i(g)) 

a j =1 a j = 1 a_j = 1 

□ 

Proof of Theorem \7.4\ 
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(1) This is from Theorem 15.11 above. 

We now set Tl p = H' p . We first note from the key claim that if Iq 1S 
nonempty, or any i, is empty, then the coefficient of that particular 
monomial vanishes. This is because we are working in characteristic 
p, and ip(0, 1) = by Proposition 17.21 above. 

(2) Suppose k > n. Then at least one Ij must be empty in every mono- 
mial above, by the Pigeonhole Principle, and we are done. 

(3) If k = n, then the only monomials that have a nonzero contri- 
bution to the sum Sn^(h) must correspond to empty Iq and sin- 
gleton Ij's (since Uj=i Ij = [n] = [k]). In other words, we have 
o G S n '. j i — * ij Vj. Moreover, the coefficient of such a monomial 
is p° Yij=i ( /'(l)7i(g)); an d these monomials all add up to give the 
matrix permanent, as claimed. (Note that Jjig^ 1 ) = 1 = 7j(g) by 
Theorem 15 . 1 1 ab ove . ) The rest of the statements are easy to see now. 

(4) (Note that 7j(g) = 1 for all j here.) In this part, we are only 
concerned with Sn (h), so that (3 does not contribute here either 
(so I Q = and [n] = ]J jeI Ij). 

From the key claim and Proposition 17.21 above, we see that if some 
monomial has a nonzero contribution, then {p — 1) divides \Ij\ for 
all j, and / = [k]. In particular, (p — 1) divides Yljel l-^il = n > anc ^ 

k k 

" = El J il = El J il ^ E(P" X ) = k (P~ X ) 
jei j=i j=i 

whence k < n/(p — 1). Moreover, En p (h) = e(h) = if k = 0. 

It remains to present, for each < k < n/(p — 1) and (nonzero) 
r £ R, an example of (H, II = n p ), so that £n(h) = Sn p (h) = r. 
We analyse this example in the next section. 

□ 

8. Example 8: Lie algebras 

Suppose H = itg for some Lie algebra g (say over C). Then any weight 
fj, e T kills [0,0], hence belongs to (fl/[fl,0])*. Let us denote a6 := 0/(0,0]. 
Conversely, any element of the set above, is a weight of H, using multiplica- 
tivity and evaluating it at the projection down to the quotient Q a b. Thus, T 
is the dual space (under addition) of the abelianization g a b of 0. Hence we 
now examine what happens in the case of an (i?-free) abelian Lie algebra f). 

In this case, we have the free i?-module f) = (BiRhi with the trivial Lie 
bracket, and H = ilf) = Sym(h). Thus, H inherits the usual Hopf algebra 
structure now (i.e. A(/ij) = 1 (8) hi + hi <g> 1, S(hi) = —hi, e{hi) = 

Firstly, (T,*) = (&*,+). By Proposition E3J if char(i?) \ |n|, then 
Sn(h) = for all h G H. Thus, the only case left to consider is when 
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char(i?) = p > 0. But then (f)*,+) is a Z/pZ-vector space, so every finite 
subgroup is n = U p 9* (Z/pZ) fc for some fe. Moreover, Theorem 13.11 and (the 
last part of) Theorem 17.41 provide more results in this case. 

We therefore conclude the example (and the proof of the theorem above) 
by analysing the computation of Sn(h) for h = hi . . . h n . For any (nonzero) 
r G R, we produce such a finite subgroup II = U p = (Z/pZ) fe , so that 
< k < n/(p - 1) and S n (h) = r. 

Construction: Given k, partition [n] into k disjoint nonempty subsets [n] = 
IJjLi Ij, reordered so that I± = {1, . . . ,n — (k — l)(p — 1)}, and so that 
|7j| = p — 1 for all j > 1. For each 1 < j < n, define 7j G f)* = T as follows: 
7i(^i) = r ) = 1 if ? ^ 1 G Ij, and jj(hi) = otherwise. (One verifies 

that the 7j's thus defined are indeed linearly independent over k(R), hence 
over Z/pZ as well, but for this, we do need that r ^ if n = k,p = 2.) Thus 
for any K C [fc], 7ir(/ti) := YljeK ^fj(^i) vanishes unless i £ Uj^xlj- 

Now evaluate En(h) = X^c[fc],a IlILi 7a,if(^i)) where we define II := 
X^iLi ^7* = ©r=i(^/-P^)7«- ^ ne ^ e y c l a i m i n the previous section, the 
only monomials T\j e j Jj(hr.) that do not vanish are for |/| = k, and with 

(p — 1) divides |/'-| for all j. Moreover, "fj(hi) is zero except when i G Ij, 
so there is only one type of monomial remaining: Yljel 7?(^i) - (Note that 
this satisfies the earlier condition: (p — 1) divides for all j.) 

Moreover, by the key claim, the coefficient of this monomial, which itself 
equals r ■ Yl^ =2 1 = r, is Ylj = i <p(\Ij\> 1)> an d by Fermat's Little Theorem, 
<^(|/j|, 1) = p — 1 = — 1 Vj (in characteristic p). We conclude that Xn(h) = 
Sn p (h) = (— l) fc r, whence we are done (start with r' = (—l) k r to get r). 

9. Example 9: Degenerate affine Hecke algebras of reductive 
type with trivial parameter 

In this section, we apply the general theory above, to a special case, 
wherein a finite group acts on a vector space (or free -R-module in our case) , 
with the group and the module corresponding to the Weyl group and the 
Cartan subalgebra (actually, its dual space) respectively, of a reductive Lie 
algebra. We use the Z-basis of simple roots (and any Z-basis for the center), 
to try and compute the value of Sn(h). 

9.1. Hopf algebras acting on vector spaces. We will consider special 
cases of the following class of Hopf algebras. Suppose that a cocommutative 
i?-Hopf algebra A acts on a free -R-module V; denote the action by a[v) for 
a G A,v G V. Then A also acts on V* by: (a(X),v) := (X,S(a)(v)). 

We now consider the -R-algebra H generated by the sets A and V, with 
obvious relations in A, and the extra relations vv' = v'v, J2 a (i) v ^( a (2)) =: 
ada(v) = a{v) for all a G A and v,v' G V. We remark that the relation 
ada(u) = a{y) can be rephrased, as the following lemma shows: 
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Lemma 9.1. Suppose some R-Hopf algebra A acts on a free R-module V , 
and an R-algebra B contains A, V . Then the following relations are equiv- 
alent (in B) for all v G V : 

(1) a^vS(a(2)) = a(v) for all a £ A. 

(2) av = a (i)( v ) a (2) f or a M a £ A. 

If A is cocommutative, then both of these are also equivalent to: 

(3) va = a {i)S( a (2))( v ) f or a M a £ A. 

Moreover, if this holds, then any unital subalgebra M of B that is also an 
A-submodule (via adj ; is an A- (Hopf-) module algebra under the action 

a{m) := ad a(m) = a^mS^a^)) Va G A, m G M 

(The proof is straightforward.) For instance, we can take M = B or A - or 
in the above example of H, we can consider M = Sym^ V. 

We claim that H is a Hopf algebra with the usual operations: on A, 
they restrict to the Hopf algebra structure of A, and V consists of primitive 
elements. The operations A,e,S then extend by (anti)multiplicativity to the 
entire algebra H, if the ideal generated by all vv' — v'v, ^ an\vS(ar 2 -\) — a(v) 
is killed by e, stable under S, and a coideal under A. (It is easy to verify 
that this is indeed the case, given that A is cocommutative.) All the other 
axioms are verified to hold, and H is indeed a Hopf algebra. 

By the above lemma, if A is -R-free, then the ring H is an i?-free i?-Hopf 
algebra, with i?-basis given by {a ■ m}, where a £ A and m run respectively 
over some -R-basis of A, and all (monomial) words (including the empty 
word) with alphabet given by an i?-basis of V. It has the subalgebras A and 
Sym^y), and is called the smash product A x Sym^j V of A and Sym R V. 

We now determine the weights of H . Denote by Ta the group of weights 
of A (under convolution). We now generalize Proposition 12.21 above: 

Proposition 9.1. Given H as above, the set of weights T = Th equals the 
Cartesian product Ta X V* , with convolution given by 

(ut, Ai) * (z/ 2 , A 2 ) = (z^ 2 , Ai + A 2 ) = {y\ * A Ai *v A 2 ) 

for Ui £ Ta, Aj G V* . (Here, V* is the e-weight space of the A-module V* .) 

Proof. Given 7 G T, its restrictions to A and Sym^(V) are also algebra maps, 
or weights, of the respective subalgebras. From above, the sets of weights of 
these subalgebras are Ta and V* respectively. Moreover, these "restricted" 
weights extend to the weight 7 of H if and only if 7(ada(t>)) = 7(0(1;)), i.e. 

7(a(«)) = 7(ada(u)) = ^2j(a w )j(S(a {2) ))>y{v) = e(a)-y(v) 

Thus, the condition above for all a, v is equivalent to saying (note that A is 
cocommutative, so S 2 = id on A, whence S is a bijection on A) that 

0(7) (u) = (7, 5(a) (v)) = (above) e(5(a))7(u) = e~ 1 (a)7(w) = e(a)y(v) 

(since e is the identity in V). Thus for all a, a(j) — e(a)j kills all of V. □ 
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9.2. Degenerate affine Hecke algebras. Since we will be working over 
any commutative unital integral domain R, hence we can generate examples 
over all R, if we have a lattice in V that is fixed by A, and we then look 
at the i?-span. We now specialise to the case when A = RW is the group 
ring of a Weyl group acting on a Cartan subalgebra of the corresponding 
semisimple Lie algebra. Then one uses the root lattice Q inside V = f)*. 

We will work in slightly greater generality. Given a finite-dimensional 
reductive complex Lie algebra g, let W be its Weyl group and f) a fixed 
chosen Cartan subalgebra. Thus f) = ©i>of)i, where for i > 0, fjj corresponds 
to a simple component (ideal) of g, with corresponding base of simple roots 
Aj and Weyl group Wj, say; and f)o is the central ideal in q. 

We define Qi = (BaeA^oe, the root lattice inside f)*, and choose and fix 
some Z-lattice Qq inside fjjj. Now replace f)* by Vi = h* := R ©^ Qi, and \]i 
by the i?-dual of f)*, for all i > 0. Thus, for the entire Lie algebra, we have 
A = \} t>0 &i and W = x i>0 Wi. 

We now define V = (Bi>oVi, whence the previous subsection applies and 
we can form the algebra H = RW x Sym R V . This is the degenerate affine 
Hecke algebra with trivial parameter (the parameter is trivial since wv — 
w(v)w is always zero), of reductive type. This is a special case of \Ch\ 
Definition 1.1], where we set n = 0. 

Before we try to address the general case, note that there are two types 
of f)j's in here: ones corresponding to simple Lie algebras, which we address 
first, and the "central part", which is fixed by W (hence so is f)g). 

9.3. The simple case. We first consider the case: V = h* = R <S>i Q for a 
simple Lie algebra. Thus A is irreducible, and given H = RW x Sym^(f)*), 
we have T = Tyy x t) W (because the condition in Proposition 19.11 above 
translates to: 10(7) = £(10)7 = 7 for all w G W, 7 € T). Here, T\v = Trw- 

We now state our main result, using the convention that all roots in the 
simply laced cases (types A, D, E) are short. The result helps compute En 
at any element of the i?-basis {g ■ m} mentioned in an earlier subsection. 

Theorem 9.1. Setup as above. 

(1) If char(ii) 7^ 2, or W is of type G2, or W has more than one short 
simple root, then every weight acts as e = on \f . In particular, 
S n = on Sym R (f)*). 

(2) J/char(i?) = 2, then every weight acts as e on W . Now suppose also 
that W is not of type G2, and has only one short simple root a s , say. 

If n has an element of order 4, or hi has no "a s - contribution" 
(i.e. hi £ (Ba s ^aeAR • oi) for some i, then £n(h) = 0. 

(3) If this does not happen, i.e. II = (Z/2Z) fc for some k, and the 
hypotheses of the previous part hold, then 




iiH Mfc=n 
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where the 7j's are any set of generators for LL In particular, this 
vanishes ifk>r, where X]j=i 2 Sj is the binary expansion of n. 

Remark 9.1. 

(1) Warning. Do not confuse the h^s here with elements of f); indeed, 
hi G H, so they really are in f)*, and I apologise for this notation! 

(2) The coefficient above is just the multinomial coefficient ij!), 
which we also denote by Q ^ J, just as ( k ™-k) = (fc)' ^ e ^ as * 
line in the theorem follows because this coefficient is odd if and only if 
(r, Sj as above) we can partition {2 s i : j} into k nonempty subsets, 
and the l^s are precisely the sums of the elements in the subsets. 
(This fails, for instance, if some two Zj's are equal, or k > r.) This 
fact, in turn, follows (inductively) from the following easy-to-prove 

Lemma 9.2. Suppose p > is prime, p s < n < p s+1 for some 
s > 0, and Ik > h Vi. If Ik < p s then p divides Q " ). Otherwise 

p divides neither or both of Q " ) and ({ n— f )• 

The rest of the subsection is devoted to the proof of the theorem. We 
once again mention a result crucial to the proof, then use it to prove the 
theorem, and conclude by proving the key claim. 

Key claim. (char(i?) arbitrary.) If W contains a Dynkin subgraph f2 of 
type A2 or G2, then both the simple roots in Q are killed by all A € i) W . If 
£1 is of type B2, then the long root in 0, is killed by all A. 

Proof modulo the key claim. We now show the theorem. 

(1) First suppose that char(i?) / 2. If A G \) w then A(a) = \(s a (a)) = 
— A(a), whence X(a) = for all a £ A, and t) w = 0. 

For the other claims, we use the classification of simple Lie al- 
gebras in terms of Dynkin diagrams, as mentioned in [Hj Chapter 
3]. To show that a weight A kills all of h*, it suffices to show that 
A(a) = Vq G A, i.e. that it kills each simple root, or node of the 
corresponding Dynkin diagram. 

If the Dynkin diagram of a Lie algebra has (a sub-diagram of) type 
.A 2 ° r G2, then both nodes of that diagram (or both cti's) are killed 
by all weights A G T, by the key claim above. This automatically 
eliminates all diagrams of type A n for n > 1, as well as all D,E,F, G- 
type diagrams, leaving only type A\ among these. 

Moreover, for types B,C, at most one simple root (the "last" one) 
is not killed by all A's. If this root is long, then it is also killed by 
the key claim above (as a part of a B2), and we are done. 

(2) Firstly, A(s|) = A(s Q ) 2 = 1, whence \{s a ) = ±1 = 1 Vq G A, if 
char(i?) = 2. This implies that X(w) = 1 = s(w) for all w G W, A G 
r. Next, Theorem E3] above tells us that if II has an element of order 
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4, then Sn(h) = 0. Finally, if some hi has no "a s -contribution" , then 
it is killed by all A, by the previous part, so A(h) = VA G T. 

(3) As we remarked after Theorem \7A\ II = (Z/2Z) fc in characteristic 2, 
if II does not have an element of order 4. (Reason: T = {e} x t) w = 
(t) w , +) is a free -R-module by the previous part, and 2F = 0.) 

We now perform the computation. For this, suppose that hi — Cia s 
is in the i?-span of {a 6 A : q / a s } (note that in the case of A\, the 
condition h{ G R - a s is automatic). Then Sn(h) = q) • Sn(a™ )> 
so it suffices to compute Sn(a"). 

If {7i} is any set of generators (or Z/2Z-basis) for II, then the 
desired equation actually holds if we sum over all nonnegative tuples 
li, that add up to k. Thus, the proof is similar to that of the key 
claim used to prove Theorem EH above; we simply need to note that 
if / C [k], then every Yijei 1j(ois j ) occurs with an even coefficient. 

□ 

Finally, we prove the key claim. 

Proof of the key claim. It helps to look at the pictures of these rank 2 root 
systems (drawn in (HJ Chapter 3]). We use the W-invariance of A|y VA G T. 

Consider the system A2, with simple roots a,p. Given A € T, we have 
A(«) = A(/3) = X(a + /?), whence A(a) = A(/3) = 0. 

The root system G2 has two subsystems of type A2, whence each A must 
kill both subsystems. 

Now consider B2, with long root a and short root (3. Clearly, (3 + a is 
another short root, whence A(/3 + a) = A(/3), and we are done. □ 

9.4. The reductive case. We conclude by mentioning what happens in 
the reductive case. We will need the results proved in the simple case above. 
Recall also that we had set our notation for this situation, when we defined 
degenerate affine Hecke algebras with trivial parameter earlier. We now use 
this notation freely, without recalling it from there. 

Let V' be the direct sum of Vo and the i?-span of all the unique short 
simple roots s h or t inside any of the simple components Vi = h* of the "cor- 
rect" type (not G2). Let the other simple roots in A span the i?-submodule 
V". Then V = V © V", and each A G T kills V" . We now have two cases. 

Case 1. char(i?) 7^ 2. Then A in fact kills all a G A, because X(a) = 
\(s a (a)) = — A(a). This means that we are left with Vo, i.e. if for all i, we 
have hi - v 0ji G ®j>oVj for some v 0) i G V , then £n(h) = Eiidli^o.i)- 

Next, recall that Sn = Tjy x (V*) w , so we are reduced to the case of 
every A being represented (on Vo) by some element of V * = (V *) w . We 
conclude this case by noting that we had some (partial) results on how to 
compute this, in the previous section. 
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Case 2. char(i?) = 2. Then X(w) = 1 for all w, A, as seen above. Moreover, 
we are left only to consider the case of all hi £ V . Now, T = ew x (V)*, 
whence any finite subgroup II = (Z/2Z) fc for some k (since it too is a Z/2Z- 
vector space). In this situation, Theorems 17.31 and 17.41 (and 19. II as well) give 
us some information on how to compute Sn(h). 

10. AN EXAMPLE THAT ATTAINS ANY VALUE 

We conclude with examples where En(h) can take any value in R, if the 
hiS are merely skew-primitive. 

10.1. Example 10: A skew-primitively generated algebra. By Propo- 
sition [5]4] above, if all h^s are pseudo-primitive, then Sn(h) = if char(i?) \ 
| IT | - whereas if char(i?) divides |II|, then we have analyzed the situation in 
Section [7] above. 

We may ask if such results hold in general, i.e. for products of skew- 
primitive elements. However, the following counterexamples show that even 
when II is abelian, £n(h) can attain any nonzero value in R: given n G N, let 
J^ n be generated as a commutative -R-algebra by (skew-primitive) hi, . . . , h n , 
and (grouplike) g ±l (so g ■ g^ 1 = 1), with the comultiplication given by 

A(g)=g®g, A(hi) = g ® h { + hi ® 1 

Then the map S : Jif n — ► Jt? n , that sends g to g _1 and hi to —g~ l hi, makes 
M'n a Hopf algebra (with S the antipode). Moreover, the set of weights T is 
verified to be R n x R x , with (a, z) := (a%, . . . , a n , z) sending hi i— * cii, g i— > z. 
The counit is e = (0, . . . , 0, 1). The following lemma is now easy to check: 

Lemma 10.1. Suppose (a, z), (a', z') £ T. 

(1) The convolution operation in V is: (a, z) * (a',z') = (a + za!, zz'). 
The inverse operation is: (a, z)^ 1 = (— z _1 a, z~ 1 ). 

(2) (i? n ,+) is naturally a subgroup of(T,*), via: ai-» (a, 1). 

(3) For any 1 < £ £ N and a E R n , (a, z) has order I in T if and only 
if z is a primitive ith root of unity, or i = char(i?) and z = 1. 

Now for our first example: fix a £ R n and define II := {£,7}, with 
7 = (a, —1) 7^ e. Then Xn(h) = e(h) +7(h) = fJILi a «> an d this can assume 
any value in i? (nonzero if n = 1 and -R = F2). 

10.2. Cyclic groups. We can try to look for more general groups II (say, 
abelian) such that Sn(h) may equal any value in R. We now prove 

Theorem 10.1. Fix n, m € N with m even. Suppose char(i?) > 2 n if it is 
positive, and R D Q if char (R) = 0. If there is a primitive rath root of unity 
in R, then for all r £ R, there is a finite abelian subgroup IT of T of order 
m, so that £n(h) = r. 
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In other words, for all and all r, we can find such a II. Before giving 
the proof, we remark that all such abelian II's (as above) are cyclic: 

Theorem 10.2. We work with 3P n over general R. 

(1) If II is a finite abelian subgroup of T, then II is a cyclic subgroup 
of order not divisible by char (R), or else char(i?) = p > and 
n =i (Z/pZ) k is contained in C (R n , 1) C T. 

(2) If R is a field, the conjugacy classes of cyclic subgroups in T are 
in bijection with Pi? n ]Ji? x ; the conjugacy classes of finite cyclic 
subgroups are in bijection with Pit" 1 \J \/l if char(i?) > 0, and with 
\/T if char (R) = 0. (Here, vT denotes all roots of unity in R, and 
FR n = (R n \{0})/R x .) 

We omit the proof, but it uses an intermediate result, which shows that the 
u z 7^ 1" elements rarely commute with one another. 

Proposition 10.1. Suppose 7 = (a, z),^' = (a',z') £ T are commuting 
elements with z,z' / 1. If z m = (z') m ' for m,m' G N, then 7™ = (7') m '- 

We now prove the original theorem. 

Proof of Theorem \10.1\ If there exists a primitive mth root of unity, say 
z, then we first claim that char(i?) { m, whence m is invertible in R by 
assumption. This is because by assumption, char(i?) 7^ 2, and if it equals 
some odd prime p, then there exists a primitive pth root of unity z m / p in 
R; however, the proof of the first part of Theorem 15.11 suggests that such a 
thing is impossible in characteristic p. 

Next, given such a z, the cyclic subgroups of order m are precisely the 
ones generated by (a, z) for any a, by Lemma [10. II above. We shall choose a 
specific a later; however, we now apply Theorem lG. 21 above. In that notation, 
S would consist precisely of those subsets I of [n], for which m divides |/|. 
Since m is even, we get that the alternating sum precisely equals 

x , n / 

s ■— ^2 1 — \mjj ~ ^ \k 

m\\I\ j=0 V J/ k=0 V 

and this is, therefore, nonzero in R, and hence invertible in R by assumption. 
Hence, by Theorem 16.21 above, we get 

n 

En (h) = (-l)».m.n^-- = 7 I ^-II a * 

1=1 y ' i 

As remarked above, sm £ R x . Thus, if we choose any a^'s that satisfy: 
n« a i = r(sm)~ 1 (l — z) n , then we are done. □ 



Remark 10.1 (An alternate expression for the above sum). In the above 
proof, there was an expression s, that involved summing certain binomial 
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coefficients. We now mention another way to write it (this is from [Knu, 
Exercise 38, §1.2.6]). 

Note that substituting x = 1 in the binomial formula 




shows: X)j=o (j) = 2" ' • This procedure can be generalized to compute 
Ejlo (mj) for an y m en, as follows: define Si := [ m j+i)- Thus > we 

want S . Now let C = e 2 ™ /m e C. Substitute x = 1, C, C 2 , • • • , C™" 1 into 
equation ([8]) above (we work in Q[£] C C here). We thus get 

m— 1 
i=0 

and if we sum over k (and interchange the order of summing on the right), 

m— 1 

E (l + C fc ) n = m5 

fe=0 

since the coefficient of each Si is a geometric sequence, and the nonconstant 
ones (i.e. i > 0) all add up to zero. We finally conclude that 

oo / \ _, m—1 

*-£(".)- i £(i + C)" 

j=0 v 7 7 k=0 
with the /cth and (m — /c)th terms complex conjugates for each < k < m/2. 

10.3. Abelian groups. Finally, given any abelian group II of even order, 
we produce a Hopf algebra H and skew-primitive hi £ H, so that II C Th 
and Sn(h) attains any given value. 

Let us write II = ©( s =1 TLjdiTL, with di\dk Vi; such a thing is possible by 
the Structure Theorem for Finite Abelian Groups (and II has even order if 
and only if - called the exponent of IT - is even). We will denote a fixed 
generator of the ith summand by 7$. 

Also define d = d^, and let R be any commutative integral domain of 
characteristic zero (though char(i?) 3> would also work), that contains Q 
as well as a primitive cZth root of unity, say (. For each i, define Q := Q d l di . 

We now define our Hopf algebra H. For this, we need to use notation 
from the example on group rings, given long ago. We define G' to be the 
free abelian group &k-n,o on k — n letters, if k > n; and the trivial group 
otherwise. Now set H' = RG' = j R[Z fc - min ( n - fc )] and 

min(n,fc) 

H:=H'® (g) 3%, 

i=l 
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a commutative -R-Hopf algebra (where = J£f is generated by gi,Xi Vi). 
There are two cases now: 

(1) Suppose n > k. Then H' = R and the set of weights is (R x R x ) k . 
We take the hi's to be zi, . . . , Xk-i,Xk,Xk, • • • , Xk- We will take 7« 
to be (<ij, d) £ R x R x for each i. 

(As in the proof of Theorem llO.il char(i?) \ d and hence char(i?) \ 
|II|, since there exists a primitive dth root of unity in R.) Now apply 
Theorem 16.21 again; we get that S consists of all those I which are 
subsets of {k, k + 1, ... ,n} and have size divisible by d. (This is 
because if i £ I and % < k, then 7i(<7iT[ n i\j) = 7i(ffi) = Ci !•) Since 
(i is even, hence (— 1)'^ = 1 V/ E S, and by Theorem 16.21 



and we can once again set a,'s to be suitable values in R D Q, so 
that Sn(h) = r £ R for any r (note that |II| • |S"| G N is invertible in 
Q, hence is in R x too). 

(2) (This part works for any IT.) Suppose n < fc - so G', i?' are nontrivial. 
Let yi, . . . , Uk-n denote a Z-basis of G"; finally, define /ij — xi Vi. 

We now mention what the 7,'s are. Since II is abelian, we write 
it as II = II' x IT", with generators given as follows: 



with the 7i's acting on H as follows: 

(a) If 1 < i < n, then 7, sends G' to 1, (xj,gj) to (0, 1) for j ^ i, 
and (x{,gi) to (cii,(i)i where en E R will be fixed later. 

(b) If i > n, then 7, sends yi- n to d, all other yj's to 1, and all 
(xj,gjYs to (0, 1). 

Lemma 10.2. All the 7, 's commute, and each 7^ /ias order d{. 

Proof. We only sketch the proof, that is easy to carry out. The order 
of each 73 is di because d occurs "somewhere" in the definition of 
7j. Next, all 7j's evidently commute on the g^s and the y^'s, so it is 
enough to show that they commute on the x^s. But this is easy to 
show, because (0, 1) commutes with every (a, z). □ 

We now compute En(h). For this, we will use Lemma 14.21 above, 
with n° = LT, h = h,T" = IT. To use the lemma, we note that T" 
is normal in il° (since LT is abelian), and it remains to show that 
r" C Th- But this follows from Proposition 14.11 if we show that 
r" C r^. Proposition 14. II and the finiteness of T" allow us to further 
simplify our task - we thus only have to show that for alH > n and 




n " = (7l, • • • ,7n), 



n' = (7 n+lj ... 



,7fc> 



all j, 7^ G r' v 



THE SUM OF A FINITE GROUP OF WEIGHTS OF A HOPF ALGEBRA 39 

But now, we note that C^. = Rhj + Rgj, and for any i > n, we 
have (by definition) that ji(xj) = = e(hj) and Ji(gj) = 1 = s(gj). 
Thus we can apply Lemma 14.21 whence Xn(h) = |lT|Xri"(h). But 
II" C II C Tjj is abelian with no hi pseudo-primitive with respect 
to II". Hence by Theorem 16.21 



|iri(-i)»|n*|jj-^-.i 

• =1 « 



because S = here (for if / E S and i & I, then i < n, whence 
7i(g) = li(di) = Ci 7^ !)• Therefore for any abelian IT, 



Sn(h) = |n|.[] r 



Ci 



and once again, if char(i?) is large enough (or zero), then |LT| E (Q C) 
R x , and we can choose a,'s suitably, to get any r E R. 

Acknowledgements. I thank Susan Montgomery for going through the 
paper, and for pointing me to the reference [ASJ. 
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